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Abstract
Basing on the Slavnov-Taylor identities, we derive a new prescription
to obtain gauge invariant tree-level scattering amplitudes for the process
g∗g → N g within high energy factorization. Using the helicity method,
we check the formalism up to several final state gluons, and we present
analytical formulas for the the helicity amplitudes for N = 2. We also
compare the method with Lipatov’s effective action approach.
1 Introduction
The scientific plans of the Large Hadron Collider (LHC) span from tests of
complex dynamics of the Standard Model [1] to searches for physics beyond it
[2]. Quantum Chromodynamics (QCD) being a part of the Standard Model is
the basic theory which is used to set up the calculational background for the
collisions at LHC. Application of perturbative QCD relies on various factoriza-
tion theorems which allow to decompose a given process into a long-distance
part called parton density and a short distance hard process. In particular,
for inclusive and jet production processes the appropriate long-distance part is
realized in terms of various parton distribution functions. Here we will focus
on high energy factorization [3] which applies when the energy scale involved
in the scattering process is high. The evolution equations of high energy fac-
torization sum up logarithms of energy accompanied by a coupling constant.
Depending on the energy range and observable one uses: the BFKL [4, 5], BK
[6, 7], CCFM [8, 9] or recently proposed new evolution equations accounting for
both saturation and processes at large momentum transfers [10, 11].
The important ingredients of high energy factorization are unintegrated
gluon densities, which depend not only on the longitudinal hadron momentum
fraction but on the transversal momentum as well. They have to be convoluted
with the hard process which is calculated with the initiating gluons being off-
shell. In case of processes with non-gluonic final states, like q, q¯ production
for instance, the corresponding gauge invariant amplitudes can be calculated by
applying so called high energy projectors, that resolve degrees of freedom rele-
vant at high energies. The more general framework given in terms of Lipatov’s
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action [12] provides a prescription to calculate gauge invariant matrix elements
in a general case for any partonic process initiated by off-shell gluons [13]. For
recent studies and applications, we refer to [14, 15, 16, 17].
At present, various automatic numerical tools exist for the calculation of
multi-gluon amplitudes for ordinary on-shell processes [18, 19, 20, 21, 22]. They
operate on the amplitude level and use helicity methods, and thus are very effi-
cient and universal. The present study is a first step aiming at similar methods
for off-shell high energy amplitudes. We develop a new prescription for calcu-
lating gauge invariant high energy factorizable tree-level amplitudes with one of
the gluons being off-shell. Our results turn out to be in agreement with results
obtained using Lipatov’s action.
Our prescription can be summarized as follows. It is known [23] that the
ordinary Feynman graphs contributing to an amplitude in an on-shell calcula-
tion are in general not sufficient to obtain gauge invariant results if any of the
external legs are off-shell. Thus one usually needs to consider a larger on-shell
process and disentangle the required gauge invariant off-shell amplitudes. Our
approach is however different: we require the Slavnov-Taylor identities to hold
for the off-shell connected amplitudes, which in turn induces the necessary con-
tributions which by comparison to [23] can be interpreted as bremsstrahlung
graphs introduced to restore gauge invariance. Our construction holds for any
number of final state gluons and as an example we give a detailed derivation and
discussion for the helicity amplitudes of the process g∗g → gg. These amplitudes
are the dominant contribution to forward-central di-jet production [24, 25, 26]
and are of particular interest for testing parton densities at low longitudinal
momentum fraction of the gluons with a special focus on saturation effects (for
overview see [27] and for recent jet studies of these effects see [28]).
An extensive analyzis of tree-level multi-gluon helicity amplitudes in the
high-energy limit was done also in Ref. [29]. There, the impact factors for
g∗g → Ng, N ≤ 3 were disentangled at the amplitude level, however they
do not correspond exactly to the kinematic situation considered in the present
work.
The paper is organized as follows. Section 2 is introductory and is mainly
devoted to set the notation. In particular, we overview high energy factoriza-
tion focusing on the kinematic setup and we introduce the framework of color
ordered helicity amplitudes which is used later in the paper. In Section 3 we
identify the problem of gauge non-invariance of high energy factorization ampli-
tudes and repair it using the Slavnov-Taylor identities. In Section 4 we describe
analytical and numerical tests for gauge invariant helicity amplitudes, in par-
ticular we list the helicity amplitudes and their square for g∗g → gg. We also
cross check our result with those obtained by usage of Lipatov’s effective action.
In the appendices we collect the color-ordered Feynman rules we needed in our
construction of gauge invariant amplitudes as well as some technicalities on the
Slavnov-Taylor identities.
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2 Prerequisites and notation
2.1 High energy factorization
Our considerations of the off-shell amplitudes are embedded in the formalism
of high energy factorization. Let us thus start with a brief recollection of this
topic [3, 30, 31, 32].
The basic observation is that the cross section for a hadronic process can
be decomposed at high energies into transversal momentum dependent parton
densities and the hard partonic cross section with off-shell initial state partons.
Thus, the intermediate object that appears is the amplitude for the process
g∗(k1) g∗(k2)→ X, (1)
where g∗ denotes an off-shell gluon, and X abbreviates the on-shell final state
particles. In the considered high energy limit, the incident momenta are para-
metrized as
kµ1 ≃ ξ1nµa + kµ1T , (2)
kµ2 ≃ ξ2nµb + kµ2T , (3)
where na, nb are light-like momenta corresponding to the two incident hadrons
a and b. They satisfy na ·kiT = nb ·kiT = 0, and k2i = k2iT = −
∣∣~kiT ∣∣2.
In [3], for example, heavy quark production g∗(k1) g∗(k2) → QQ is consid-
ered. The amplitude is calculated by taking into account the usual tree-level
Feynman graphs in the axial gauge with gauge vector nµ = αnµa + βn
µ
b . Then
the gluon propagator is given by
Dµν (k) = S (k) dµν (k, n) , (4)
with the scalar part
S (k) =
−i
k2 + iǫ
(5)
and the transverse projector
dµν (k, n) = ηµν − k
µnν + kνnµ
k·n + n
2 k
µkν
(k·n)2 . (6)
Above ηµν is the metric tensor and we have suppressed the color indices in Dµν .
The off-shell legs include propagators, and are contracted with eikonal couplings
defined as
e
µ
1 =
∣∣~k1T ∣∣nµa , (7)
e
µ
2 =
∣∣~k2T ∣∣nµb . (8)
It is easy to check, that effectively an amputated amplitude is contracted with
the following vector
− i eµ1 Dµν (k1) =
kµT 1
ξ1
∣∣~k1T ∣∣ (9)
and similarly for k2, which then is shown to lead to the correct result in the
collinear limit. Furthermore, it is shown that the result is independent of the
choice of gauge-vector, proving gauge invariance.
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The above might be taken as a prescription to calculate amplitudes for ar-
bitrary processes, but it will in general not lead to gauge-invariant results. To
achieve the latter, additional contributions are needed. They are usually ob-
tained by considering a larger, fully on-shell, process from which an amplitude
for the off-shell process is extracted. The situation is somewhat simpler when
one of the gluons, say k2, reaches collinear limit, i.e. when k
2
2 → 0. In the
following sections, we shall investigate such amplitudes for the process
g∗(k1) g(k2)→ g(k3) . . . g(kN ) (10)
for an arbitrary number of final state gluons.
2.2 Color-ordered helicity amplitudes
Let us denote our purely gluonic tree-level amplitude with N external gluons
(one off-shell and N−1 on-shell) asM (e1, ε2, . . . , εN ). For the precise definition
see Section 3. The polarization vectors of the on-shell gluons are denoted as εi.
Whenever necessary, we shall indicate the polarization state explicitly using ε
(λ)
i
with λ = ±. Following e.g. the Kleiss-Stirling construction [33], the polarization
vectors can be defined in terms of the gluon momentum ki and an auxiliary
light-like momentum qi satisfying ki ·qi 6= 0. Thus, whenever needed we use
the notation ε
(λ)
i (qi) to indicate explicitly what reference vector is used. The
polarization vectors satisfy several conditions, of which we would like to highlight
two, namely
ε
(λ)
i (qi)·ki = 0, (11)
ε
(λ)
i (qi)·qi = 0. (12)
When one changes the reference momentum, the corresponding polarization
vector transforms as
εµi (q
′
i) = ε
µ
i (qi) + βi (q
′
i, qi) k
µ
i , (13)
where the function βi depends on the precise representation for the polarization
vectors. It is important to note, that as long as the amplitude M satisfies the
Ward identity
M (e1, ε2, . . . , εi−1, ki, εi+1, . . . , εN ) = 0, i = 2, . . . , N (14)
the reference momenta can be freely changed, which has proved to be very
useful for obtaining compact expressions for multi-gluon amplitudes (see e.g.
[34] for a review). In explicit calculations we use the spinor representation for
the polarization vectors
εµ±i (qi) = ±
〈
q∓i
∣∣ γµ ∣∣k∓i 〉√
2
〈
q∓i |k±i
〉 , (15)
where 〈
k−i |k+j
〉
= u− (ki)u+ (kj) ≡ 〈ij〉 , (16)〈
k+i |k−j
〉
= u+ (ki)u
− (kj) ≡ [ij] (17)
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and the positive-energy spinors with definite helicities are defined as u± (ki) =
1
2 (1± γ5)u (ki). The spinor products can be explicitly calculated in the light-
cone basis as
〈ij〉 = k⊥ i
√
k+j
k+i
− k⊥ j
√
k+i
k+j
, (18)
[ij] = −k∗⊥ i
√
k+j
k+i
+ k∗⊥ j
√
k+i
k+j
, (19)
where k± = k0 ± k3 and k⊥ = k1 + ik2. We also use the following compact
notation for spinor products with some Γ/ matrix insertion〈
q−
∣∣Γ/ ∣∣k−〉 ≡ 〈q|Γ/ |k] , (20)〈
q+
∣∣Γ/ ∣∣k+〉 ≡ [q|Γ/ |k〉 . (21)
Another important ingredient in this respect is the use of color-ordered am-
plitudes [35]. They are defined via
M (e1, ε2, . . . , εN) =
∑
non-cyclic
permutations
Tr (ta1 . . . taN ) A (e1, ε2, . . . , εN) , (22)
where the summation is over all non-cyclic permutations of the color indices
{a1, . . . , aN} corresponding to the external gluons. The matrices ta are the
generators of color SU (Nc) group normalized as Tr
(
tatb
)
= δab. Note, that
the ordering of the arguments in A does matter and corresponds to the order
of color matrices under the trace. There are several important properties of
color-ordered amplitudes. Here we want to mention explicitly two of them.
First, gauge invariance of M implies gauge invariance of A. Second, the full
amplitude squared is given by
∑
colors
|M (e1, ε2, . . . , εN )|2 = NN−2c
(
N2c − 1
) ∑
non-cyclic
permutations
|A (e1, ε2, . . . , εN)|2
+O (NN−2c ) , (23)
where the contribution O (NN−2c ) vanishes for N ≤ 5.
3 Amplitudes with one off-shell leg
The subject of our investigations are gluonic amplitudes with one off-shell leg,
Eq. (10). More precisely, they are obtained from the corresponding momentum
space Green function by means of the following reduction formula
M (e1, ε2, . . . , εN) = lim
k1·na→0
lim
k2
2
,...,k2
N
→0
e
µ1
1 ε
µ2
2 . . . ε
µN
N
S−1 (k2) . . . S−1 (kN ) G˜µ1...µN (k1, . . . , kN ) , (24)
where the scalar propagators are defined in Eg. (5) and G˜ is momentum space
Green function defined as usual, by Fourier transforming the vacuum matrix
5
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Figure 1: The color-ordered amplitude A (e1, ε2, . . . , εN) defined in the main text.
The special external vertex corresponds to eikonal coupling eµ
1
=
∣
∣~kT
∣
∣nµa , while all the
other external lines are amputated and contracted with the corresponding polarization
vectors. The arrows show the choice of the momenta signs, while the vertical dots stand
for the remaining external gluons.
element of a time ordered product of gluon fields. Note, that the first limit is a
formal way of implementing the kinematic condition (2). The amplitude defined
in Eq. (24) is incidentally not gauge invariant, see the discussion below.
Let us remark, that for ordinary, completely on-shell amplitudes the common
practice is to amputate the external gluon legs together with potential projectors
(6), if one uses axial gauge for G˜. In other words, in such case we can choose
different gauges for the internal (off-shell) and the external (on-shell) lines and
the scattering amplitude does not depend on this choice. It is of course also
possible to do so at intermediate stages of a calculation when dealing with
gauge-dependent quantities, however one has to be consistent, as different gauge-
dependent pieces are to eventually compose a gauge invariant object.
In this spirit, in what follows we work in the axial gauge with na being the
gauge vector for internal off-shell lines (including line k1) while the external
on-shell gluons are reduced in the Feynman gauge, unless otherwise specified.
That is, any vertex adjacent to an external on-shell gluon is contracted with the
corresponding polarization vector directly.
In what follows, we consider a color-ordered amplitude for some specific color
ordering, say (a1, a2, . . . , aN ), where ai is the color quantum number of the
gluon with momentum ki. As follows from (24), the off-shell leg k1 contains the
full propagator and is contracted with the eikonal vertex e1 defined in Eq. (7),
which we graphically denote as a circle with a cross (Fig. 1). According to
Section 2.2, the amplitude under consideration is denoted as A (e1, ε2, . . . , εN ).
For simplicity, we choose
kµ1 = n
µ
a + k
µ
T (25)
as the momentum of the off-shell gluon (i.e. we absorb ξ into na in Eq. (2)).
Because of the off-shell external leg, taking into account the usual tree-level
Feynman graphs and using the usual Feynman rules will not lead to a gauge
invariant amplitude. In particular, it will not satisfy the usual Ward identities,
i.e.
A (e1, ε2, . . . , εi−1, ki, εi+1, . . . , εN ) 6= 0, i = 2, . . . , N, (26)
which are indispensable for the calculation of helicity amplitudes. Indeed, it
is not the Ward identity of the above form that follows from the local gauge
invariance. Rather, one should consider the non-abelian Slavnov-Taylor (S-T)
identites, which relate the amplitude A with nonphysical polarization (i.e. in-
sertion of ki) and the corresponding diagrams with ghosts. In the next section,
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we shall wander this path to construct a new amplitude
A˜ (e1, ε2, . . . , εN ) = A (e1, ε2, . . . , εN ) +W (e1, ε2, . . . , εN) , (27)
such that
A˜ (e1, ε2, . . . , εi−1, ki, εi+1, . . . , εN ) = 0, i = 2, . . . , N. (28)
Since we provide a prescription to calculate A˜ (e1, ε2, . . . , εN ) in a specific
gauge, the fact that it satisfies Eq. (28) is an indication that it is the correct
gauge invariant result. Moreover, we show in Appendix E that (27) posseses
correct collinear and soft behaviour in the corresponding limits.
3.1 Restoration of gauge invariance
In what follows, we skip the first argument (corresponding to the off-shell leg) in
the color-ordered amplitude A, i.e. we write A (e1, ε2, . . . , εN ) ≡ A (ε2, . . . , εN )
for compactness. In the gauge we specified above, our solution for the ‘gauge
restoring’ amplitude W reads
W (ε2, . . . , εN ) =
(
− g√
2
)N−2 −∣∣~kT ∣∣ ε2 ·na . . . εN ·na
k2 ·na (k2 − k3)·na . . . (k2 − . . .− kN−1)·na .
(29)
The above formula can be interpreted as a straight Wilson line along na with
the external gluons attached to it, however such an interpretation is beyond the
scope of this paper and shall be analyzed elsewhere.
As already mentioned, according to the S-T identities, the insertion of ki
generates additional gauge terms on the r.h.s of (26). We shall see that by
controlling those terms one can indeed reconstruct W . The S-T identities in
different gauges together with some less common issues are recollected in Ap-
pendix A.
Let us consider first the (color-ordered) momentum space Green function,
from which our amplitude is obtained according to the reduction procedure
(24). Since we have chosen the Feynman gauge for the external on-shell lines,
the relevant S-T identity involves the space-time derivative of the fields and in
turn translates into a momentum insertion as in (26), c.f. (74).
The S-T identities for the Green functions are most conveniently given in
graphical form. We show an example in Fig. 2A for the contraction with k2. It
generates a set of diagrams involving ghosts and picks out a ghost-gluon vertex
(see (75) in Appendix A) without an external propagator. The ghosts propa-
gating to the shaded blob, which is assumed to be calculated in the axial gauge,
may need some explanation. Let us note that the ghosts can be introduced
also in the axial gauge but they decouple for ordinary processes, see e.g. [36]
and Appendix A for additional explanations. The ghost-gluon coupling is pro-
portional to nµa and is transverse to the gluon propagator in the axial gauge
nµadµν (k, na) = 0, thus any internal gluon cannot be coupled to a ghost. In our
case, however, a ghost can couple to external on-shell gluons, which are taken
in the Feynman gauge and for which the projector dµν is absent.
When going from the Green function to the amplitude A most of the addi-
tional gauge diagrams vanish (Fig. 2B), either due to the transversality condition
(11), or because the residue at the physical pole is zero (due to the lack of the
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Figure 2: A) The Slavnov-Taylor identity for the Green function (with external prop-
agators) contracted with k2. The contraction is graphically denoted by the arrow
transforming to a solid line (see Appendix B). The dashed lines with arrows are stan-
dard notation for ghosts. Horizontal dots denote analogous diagrams for the rest of
external legs. B) Application of the identity for the amplitude for a process with
N − 1 on-shell gluons and one off-shell leg contracted with an eikonal vertex. Most
of the gauge diagrams vanish as described in the main text, but not all due to the
off-shellness of k1.
external propagator, c.f. the reduction formula (24)). However, since k1 is off-
shell eventually one term survives, namely the one with the ghost-gluon vertex
with the amputated external line (the second term of BRST transformation
vertex (75)) contracted with the eikonal coupling. Note, that the first term in
the middle in Fig. 2B vanishes due to the relation k1 ·na = 0.
In order to illustrate the above statements, let us look at the specific realiza-
tion of the gauge diagrams from Fig. 2B for the simplest process g∗g → gg. We
display the diagrams in Fig. 3 for the color-ordered amplitude. Since we work in
the axial gauge for the internal lines, no gluon line can attach to a ghost unless
it is an external line. There is only one possible diagram with a triple-gluon
coupling in which it is connected to the eikonal vertex (right diagram in Fig. 3).
But this diagram is also zero, since we have chosen na as the gauge vector.
PSfrag replacements
k1
k2
k3
k4
Figure 3: The diagrams contributing to the Slavnov-Taylor identity for the color-
ordered amplitude A (e1, ε2, ε3, ε4), corresponding to the the process g
∗g → gg. We
show the momentum flow in the leftmost diagram only. The right diagram is zero if
the axial gauge with na gauge vector is chosen.
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Figure 4: The color-ordered gauge diagrams for the contractions of the ampli-
tude A (ε2, ε3, ε4) with the external momenta; here W2a and W2b correspond to
A (ε2, k3, ε4), while W3 corresponds to A (ε2, ε3, k4). The momentum flow is the same
as in Fig. 3.
The remaining gauge diagrams can easily be calculated and one can explicitly
check the S-T identities (we checked it also for a general axial gauge with gauge
vector n 6= na). For instance, for the left diagram from Fig. 3 we obtain using
the Feynman rules collected in Appendix B
g2
2
∣∣~kT ∣∣ na ·ε3 na ·ε4
(k2 − k3)·na ≡ W1 (k2, ε3, ε4) . (30)
The arguments of W1 are chosen in this way for further convenience and show
what leg is contracted with the momentum in the corresponding S-T relation.
We can derive analogous identities involving contractions for different ex-
ternal legs. The corresponding gauge diagrams are depicted in Fig. 4. Using
analogous naming convention as in Eq. (30) they read
W2a (ε2, k3, ε4) = g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε4
(k1 + k2)·na , (31)
W2b (ε2, k3, ε4) = g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε4
(k1 − k4)·na , (32)
W3 (ε2, ε3, k4) = −g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε3
(k1 + k2)·na . (33)
An immediate observation is that the gauge diagrams are proportional to
∣∣~kT ∣∣,
thus they vanish when all the particles become on-shell; consequently the l.h.s.
of (26) equals to zero in that limit.
The ‘gauge restoring’ amplitude W in (27) can be obtained using the above
results. First, we define Wx (ε2, ε3, ε4) (note the arguments) for x = 1, 2a, 2b, 3
by multiplying the external ghost lines with the longitudinal projections of the
corresponding polarization vectors. More precisely, we multiply the ghost leg i
with εi ·na/ki ·na. Hence we have
W1 (ε2, ε3, ε4) = −W3 (ε2, ε3, ε4) = g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε3 na ·ε4
k2 ·na k4 ·na , (34)
W2a (ε2, ε3, ε4) = g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε3 na ·ε4
k2 ·na k3 ·na , (35)
W2b (ε2, ε3, ε4) = −g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε3 na ·ε4
k3 ·na k4 ·na , (36)
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Then, we define
W (ε2, ε3, ε4) =W1 (ε2, ε3, ε4) +W2a (ε2, ε3, ε4)
+W2b (ε2, ε3, ε4) +W3 (ε2, ε3, ε4) . (37)
Adding the diagrams, we recover the result anticipated in Eq. (29) for N = 4
W (ε2, ε3, ε4) = −g
2
2
∣∣~kT ∣∣ na ·ε2 na ·ε3 na ·ε4
k2 ·na k4 ·na . (38)
It is straightforward to check that indeed (28) is satisfied with this choice of
W . It is a general property of W in our choice of gauge, that the sum of the
diagrams with ghosts (and further replaced by longitudinal gluon polarization)
collapses to single terms. The complete proof of Eq. (29) for any number of
gluons is relegated to Appendix D.
We want to close this section with the following remark. Note that if we
choose the reference momentum for any of the polarization vectors to be na, the
‘gauge restoring’ amplitude is zero
W (ε2, . . . , εi−1, εi (na) , εi+1, . . . , εN ) = 0 (39)
for any leg i. It follows from the property of polarization vectors (12). Let us
now note, that we can always project a polarization vector with any reference
momentum qi to the one with na using
εµi (qi) d
ν
µ (ki, na) = ε
ν
i (na) , (40)
with dµν (ki, na) defined in (6). It follows simply from the transversality condi-
tion na ·d (ki, na) = 0. The above remark leads to a conclusion that the gauge
invariant amplitude (27) can be written as
A˜ (ε2, . . . , εN ) = A (ε2, . . . , εi−1, d (ki, na)·εi, εi+1, . . . , εN ) , (41)
that is one can apply the transverse projector dµν (ki, na) to any number (at
least one) of external on-shell legs. In particular, one can apply the projectors to
all on-shell legs. Then, (28) is trivially satisfied for any i, since ki·d (ki, na) = 0
for k2i = 0. Thus one could have the impression that it is also possible for any
gauge vector n 6= na, as the projector remains transverse to ki and the ‘naive’
Ward identity is satisfied. This however does not mean that such amplitude is
gauge invariant – we relegate this issue to Appendix C.
4 Analytical and numerical tests
4.1 Numerical tests
We tested (28) numerically up to N = 12, calculatingA with numerical Berends-
Giele recursion [37]. We also tested (28) for color-dressed amplitudes up to
N = 8, by calculating M in the color-flow representation following the method
of [38, 39]. The color-dressed version of W was calculated by straightforward
multiplication with the color-dependent factor and summation over the neces-
sary permutations, i.e. following Eq. (22) with the color-factor in the color-flow
representation [40, 41].
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4.2 Analytic expressions for g∗g → gg
Let us start with the amplitude with full dependence on polarization vectors.
Defining
εµ1 =
kµT∣∣~kT ∣∣ (42)
we get explicitly for color-ordering (a1, a2, a3, a4)
A˜ (ε2, ε3, ε4) = A˜ (ε4, ε3, ε2) = g
2
2 k2 ·k3k3 ·k4k2 ·nak4 ·na
(na ·ε3(k2 ·k3k3 ·ε4k4 ·naε1 ·ε2 + k2 ·nak3 ·k4k3 ·ε2ε1 ·ε4)k21
+ k4 ·na(k2 ·na((k2 ·k3k4 ·ε3 t− k3 ·k4(k2 ·ε3 r+ 2k2 ·k3ε1 ·ε3))ε2 ·ε4
+ k2 ·k3(2(k1 ·ε4k2 ·ε3ε1 ·ε2 − k1 ·ε3(k2 ·ε4ε1 ·ε2 + k1 ·ε2ε1 ·ε4)
+ k1 ·ε2(k3 ·ε4ε1 ·ε3 − k2 ·ε3ε1 ·ε4))− (2u13 ·ε2 − k3 ·ε2 t)ε3 ·ε4)
+ k3 ·k4(2k2 ·ε3 s24 + k3 ·ε2(2s34 − r ε3 ·ε4)))
+ k2 ·k3((k4 ·ε3na ·ε4 + k3 ·naε3 ·ε4)p·ε2 − k1 ·ε1k1 ·ε2k3 ·ε4na ·ε3))
+ k2 ·na(k3 ·k4(k2 ·ε3na ·ε2ε1 ·ε4k21 − k1 ·ε1k1 ·ε4(k2 ·ε3na ·ε2 + k3 ·ε2na ·ε3))
+ ε2 ·ε3(k4 ·na((t k1 ·k3 − 2k3 ·k4k3 ·ε1)k3 ·ε4 + 2k3 ·k4u13 ·ε4)
+ k3 ·k4k3 ·nap·ε4)) + k1 ·ε1 ε2 ·na ε3 ·na ε4 ·na k2 ·k3 k3 ·k4) (43)
where we have used
pα = k1 ·ε1 kα1 − k21εα1 , (44)
r = k1 ·ε1 + 2k2 ·ε1 − 2k3 ·ε1, (45)
sij = k
α
1 ε
β
1 (εi αεj β − εi βεj α) , (46)
t = k1 ·ε1 + 2k2 ·ε1, (47)
uαij = k
α
i kj ·ε1 − ki ·kjεα1 . (48)
We have not used any particular reference momenta for the polarization vectors
– by applying different choices the above expression can be simplified. Note, that
we are allowed to play with the reference momenta as the above amplitude is
gauge invariant; theW piece is already included above (the last term). The other
color-ordered amplitudes are obtained by exchanging the relevant polarization
vectors and momenta in the expression above.
Using the spinor helicity formalism one can calculate those amplitudes ex-
plicitly for different helicity combinations. For this purpose it proves most
convenient to choose na as a reference vector for each of the on-shell gluons.
Labeling spinors associated with the light-like momenta na, k2, k3, k4 with a, 2,
3, 4 respectively, and further using the notation introduced in Section 2.2 (see
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also [35]), we find
A˜(ε−2 (na), ε−3 (na), ε−4 (na)) = 0, (49)
A˜(ε+2 (na), ε+3 (na), ε+4 (na)) = 0, (50)
A˜(ε−2 (na), ε−3 (na), ε+4 (na)) =
g2√
2
[3|k/T |a〉∣∣~kT ∣∣
[4a]3
[3a][a2][23][34]
, (51)
A˜(ε+2 (na), ε+3 (na), ε−4 (na)) =
g2√
2
〈a|k/T |3]∣∣~kT ∣∣
〈4a〉3
〈a3〉〈a2〉〈23〉〈34〉 , (52)
A˜(ε−2 (na), ε+3 (na), ε+4 (na)) =
g2√
2
〈a|k/T |3]∣∣~kT ∣∣
〈a2〉3
〈a3〉〈23〉〈34〉〈4a〉 , (53)
A˜(ε+2 (na), ε−3 (na), ε−4 (na)) =
g2√
2
[3|k/T |a〉∣∣~kT ∣∣
[a2]3
[3a][23][34][4a]
, (54)
A˜(ε−2 (na), ε+3 (na), ε−4 (na)) =
g2√
2
[3|k/T |a〉∣∣~kT ∣∣
[3a]3
[a2][23][34][4a]
, (55)
A˜(ε+2 (na), ε−3 (na), ε+4 (na)) =
g2√
2
〈a|k/T |3]∣∣~kT ∣∣
〈a3〉3
〈a2〉〈23〉〈34〉〈4a〉 . (56)
All momenta are assumed to be incoming in the formulas above. In what follows
we skip the reference momenta indication in the amplitudes.
We may decompose kµT in terms of k
µ
3 and another light-like momentum p
µ
following
kµT = p
µ +
k2T
2kT ·k3 k
µ
3 . (57)
Then, we have ∣∣~kT ∣∣2 = −k2T = 2(k3 ·p)(p·na)k3 ·na , (58)
and ∣∣[3|k/T |a〉∣∣2 = ∣∣[3|p/|a〉∣∣2 = 4|k3 ·p||p·na| , (59)
so ∣∣∣∣∣ [3|k/T |a〉∣∣~kT ∣∣
∣∣∣∣∣
2
= 4|k3 ·p||p·na| |k3 ·na|
2|k3 ·p||p·na| = 2|k3 ·na| . (60)
So for the squared helicity amplitudes, we find
|A˜(ε−2 , ε−3 , ε+4 )|2 = |A˜(ε+2 , ε+3 , ε−4 )|2 =
g4
2
|k4 ·na|4
|na ·k2||k2 ·k3||k3 ·k4||k4 ·na| (61)
|A˜(ε−2 , ε+3 , ε+4 )|2 = |A˜(ε+2 , ε−3 , ε−4 )|2 =
g4
2
|k2 ·na|4
|na ·k2||k2 ·k3||k3 ·k4||k4 ·na| (62)
|A˜(ε−2 , ε+3 , ε−4 )|2 = |A˜(ε+2 , ε−3 , ε+4 )|2 =
g4
2
|k3 ·na|4
|na ·k2||k2 ·k3||k3 ·k4||k4 ·na| . (63)
Applying Eq. (23) we find agreement with [42]. The overall factor (k1·k2/k1·p2)2
in that publication is due to a difference in the the definition of p2 there and na
here.
12
= + + +++
1↔ 21↔ 2
Figure 5: The effective reggeon-gluon-gluon-gluon vertex as obtained from figure 6
in [13], by expanding all blobs on the r.h.s into graphs using figure 4 in [13].
4.3 Comparison with Lipatov’s effective action approach
Let us now show that the gluonic amplitudes with one off-shell leg augmented
with the ‘gauge restoring’ amplitude (29) are equivalent to the amplitudes ob-
tained using the effective reggeon-gluon vertices of [13]. In the vertices, no
external gluon is necessarily on-shell, and the reggeon essentially is an off-shell
gluon with momentum kµ1 = E(n
+)µ + kµT , where (n
+)µ = nµa/E. If all glu-
ons, except the reggeon, are on-shell, the vertices correspond to our amplitudes,
modulo a factor E/
∣∣~kT ∣∣.
This can most easily be understood considering Fig. 5. It graphically depicts
the reggeon-gluon-gluon-gluon vertex as presented in [13]. Straight lines are
gluons, and the wavy line attached to a straight line is the off-shell gluon without
a propagator, but contracted with
∣∣~kT ∣∣2(n+)µ = (∣∣~kT ∣∣/E)eµ1 . Here seems to
be a difference with our approach, in which eµ1 is contracted to the off-shell
leg including the propagator, and in particular including the projector in the
axial gauge. Notice, however, that the collection of all graphs with a wavy line
attached to a straight line is exactly the set of usual Feynman graphs, calculated
with usual Feynman rules, and before contracting them with eµ1 their sum forms
an off-shell current Jµ1 , satisfying current conservation
k1 ·J1 = 0. (64)
The off-shell current is not gauge-invariant, but Eq. (64) holds in any gauge.
Consequently, we have
e
µ
1dµν(k1, n)J
ν
1 = e1 ·J1 −
e1 ·k1
n·k1 n·J1 = e1 ·J1, (65)
where the second equality follows from the fact that e1 ·k1 =
∣∣~k1T ∣∣na ·k1 = 0.
So we see that it does not matter for the off-shell external line whether the
projector is present or not, in any gauge.
The vertices in Fig. 5 indicated by a square represent the effective vertices of
equation (18) in [13], which have the essential feature that all gluons attached
to it are contracted with (n+)µ. Since the results of [13] are gauge-invariant,
the graphs can be calculated in the axial gauge with gauge-vector (n+)µ, with
the consequence that the last two graphs vanish, since they contain a gluon
propagator attached to the square vertex. The fourth graph on the r.h.s. stays,
and can readily be recognized as our ‘gauge restoring’ amplitude (29). The
other graphs are the usual graphs one would take into account in a fully on-
shell calculation, and are calculated following the usual Feynman rules. The
same argumentation holds for vertices with arbitrary number of on-shell gluons.
All graphs containing square vertices vanish, except one which corresponds to
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(29), and the other graphs are the usual ones taken into account in a fully
on-shell calculation.
5 Summary and outlook
We provided a prescription to calculate gauge-invariant multi-gluon scattering
amplitudes within high energy factorization, for which one initial state gluon is
off-shell. Gauge-invariance was ensured by employing Slavnov-Taylor identities,
enabling the construction of the necessary extra contributions to the amplitude
besides those coming from the usual Feynman graphs. In particular, we pre-
sented compact expressions for the helicity amplitudes of the process g∗g → gg,
and observed that they are in agreement with existing calculations. Also, we
found agreement of our prescription with the effective action approach of Lipa-
tov. The generalization to two off-shell legs is currently under study.
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A Ghosts and Slavnov-Taylor identities
Let us consider the pure Yang-Mills Lagrangian with gauge fixing and ghost
terms
LYM = −1
4
F aµνF
µν
a −
1
2λ
F2a(A) + ca
δFa (A)
δAcµ
Dcbµ cb, (66)
where Aµa is a gluon field, ca, ca represent ghost and anti-ghost fields, further
Fµνa = ∂
µAνa−∂νAµa+gfabcAµbAνc and Dabµ = δab∂µ+gfabcAcµ. Here fabc are the
usual SU (Nc) structure constants. We consider two choices of the gauge-fixing
function
Fa(A) = ∂µAµa (covariant gauge) , (67)
Fa(A) = nµAµa (general axial gauge) . (68)
where in general n2 6= 0. There is still a residual freedom in the choice of λ
parameter which can be utilized in order to simplify calculations.
Given the Lagrangian above, one can obtain the Feynman rules for gluons
and ghosts, see Appendix B.
It is usually argued that the ghosts decouple from the theory in the axial
gauge defined by λ → 0 [36]. Indeed, any internal gluon line is attached to a
ghost line following
nµDµν (k, n) = −iλ kν
k · n (69)
and thus vanishes for λ → 0. The only candidates for non-vanishing graphs
with closed ghost loops are of the type
16
(70)
where all gluons are external. Using the Feynman rules and dimensional regu-
larization for the loop integral we have (modulo couplings and phase factors)
Igh−loop =
ˆ
dDk
k · n (k + p1) · n . . . (k + p1 + . . . pM ) · n, (71)
where p1, . . . , pM are the momenta of the gluons. Introducing Feynman param-
eters and shifting the integration variable we get
Igh−loop =
ˆ 1
0
M∏
i=1
dxi
ˆ
dDk δ (1− x1 − . . .− xM )
(k · n)M
=
ˆ
dDk
(k · n)M
= 0 (72)
in dimensional regularization, so also these graphs vanish. In certain applica-
tions it is however convenient to consider also open ghost lines, and indeed the
following graphs
(73)
in which all gluons are external do not necessarily vanish. This is precisely what
is used in the present paper.
The Yang-Mills action LYM is invariant under the Becchi-Rouet-Stora-Tyutin
(BRST) transformation (see e.g. [43] for a review). The resulting Slavnov-Taylor
identity for a functional for connected Green functions W reads
ˆ
d4x
{
jaµ(x)
δ
δKaµ(x)
− ξa(x)
δ
δHa(x)
+ ξa(x)F
a
(
δ
δj(x)
)}
W
[
j, ξ, ξ,H,K
]
= 0, (74)
where jaµ, ξa, ξa are the sources for gluons, ghosts and anti-ghosts respectively.
The sources Kaµ and Ha generate BRST terms Kaµ and Ha respectively, where
Kaµ = λ
(
∂µc
a(x) − gfacdAcµ(x)cd(x)
)
, (75)
Ha = 1
2
λgfadec
d(x)ce(x). (76)
The identities for the Green functions are derived by differentiating Eq. (74)
with respect to various sources. For instance, the identity in Fig. 2A is obtained
by applying the following functional derivative
δn
δjanµn(xn) . . . δj
a3
µ3 (x3)δξa2(x2)δj
a1
µ1 (x1)
[Eq.74]
∣∣∣∣
jaµ=ξa=ξa=K
a
µ=Ha=0
. (77)
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The various indices xi, ai, µi correspond to a position, color and Lorentz index
for a leg i. Let us note, that depending on the form of the gauge-fixing function
F (A), the resulting identities involve either the derivative of the gluon field (in
covariant gauge) or contraction with the gauge vector n (in axial gauge). The
former leads in momentum space to contraction with the corresponding gluon
momentum.
B Color-ordered Feynman rules
For the reader’s convenience we gather the Feynman rules for gluons and ghosts
in covariant and general axial gauges. The more customary Feynman and pure
axial gauge are obtained by setting λ = 1 and λ = 0 respectively.
– for a given color ordering of external legs one writes only planar diagrams
– gluon propagator
PSfrag replacements
µ ν
=


−i
k2 + iε
[
ηµν + (λ− 1) k
µkν
k2
]
(covariant gauge)
−i
k2 + iε
[
dµν (k, n) + λk2
kµkν
(k · n)2
]
(general axial gauge)
– ghost propagator (momentum flows right)
=


−i
k2 + iǫ
(covariant gauge)
−i
k·n+ iǫ (general axial gauge)
– triple gluon vertex (all momenta are outgoing)
PSfrag replacementsk1, α1
k2, α2
k3, α3
=
ig√
2
[
ηα1α2 (k1 − k2)α3 + ηα2α3 (k2 − k3)α1
+ ηα3α1 (k3 − k1)α2
]
– quartic gluon vertex
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PSfrag replacementsk1, α1 k2, α2
k3, α3k4, α4
=
ig2
2
(2ηα1α3ηα2α4 − ηα1α2ηα3α4 − ηα1α4ηα2α3)
– ghost-gluon vertex
PSfrag replacements
k1
k2, α2
k3
=


−ig√
2
kα23 (covariant gauge)
−ig√
2
nα2 (general axial gauge)
Let us also give some auxiliary rules that are used in order to present the
Slavnov-Taylor identities (since we use color-ordered rules the color indices are
skipped):
PSfrag replacements
µ =
∣∣~kT ∣∣nµa ,
PSfrag replacements
µ = kµ,
PSfrag replacements
µ = nµ,  = dµν (k, n) .
The color-ordered Feynman rule for the BRST vertex originating in second term
of Eq. (75) is
PSfrag replacements
µ
=
g√
2
nµa .
C Axial gauge and external projectors
It was argued in the end of Section 3.1 that the gauge invariant amplitude A˜
can be obtained by applying at least one projector dµν (ki, na) to the external
on-shell legs, cf. Eq. (41). Recall that it applies in the axial gauge with na taken
as the gauge vector.
One can wonder, whether the following amplitude
A˜′ (ε2, . . . , εN ) = A (d (k2, n)·ε2, . . . , d (kN , n)·εN) , (78)
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which satisfies
A˜′ (ε2, . . . , εi−1, ki, εi+1, . . . , εN) = 0 (79)
for any i by definition also when n 6= na, is gauge invariant. Below, we argue
that it is not the case.
The point is, that although the identity (79) is satisfied, the true Slavnov-
Taylor identities are not fulfilled, unless n = na. Actually, the S-T identities
that are relevant here involve contraction with the gauge vector n, not with the
momentum of the corresponding line (Appendix A).
To be more specific, consider the corresponding Green function, this time
fully in the axial gauge (including the external on-shell lines) with the gauge
vector n. At this stage we have to keep the dependence on the gauge parameter
λ. After applying the reduction formula (24) it reduces to the amplitude A˜′.
As remarked above, the S-T identity is realized here by contracting one of the
external lines (say k2) with n. Thus we have diagramatically for the Green
function (using the auxiliary Feynman rules from Appendix B)
= −i λ
k2 · n×
(80)
due to Eq. (69). Note, that there is no external propagator for k2 on the r.h.s.
(it is indicated by the lack of a dot at the end of the propagator). On the other
hand, applying the S-T identity to the l.h.s. of this relation we get
PSfrag replacements
= λ× + . . .−i λk2·n× (81)
where the horizontal dots denote the rest of possible gauge terms, similar to
those in Fig. 2A, but all of them are multiplied by λ according to (75). Now, we
apply the reduction formula to this identity. Let us note, that there appears the
factor λk22/k2 · n for each term (k22 is not cancelled on the r.h.s. as the external
propagator is 1/k2 ·n there), thus it can be omitted. Since λ cancelled, we may
now set λ = 0. The final form of the S-T identity is (up to a phase factor)
PSfrag replacements = (82)
which looks the same as Fig. 2B with however the external projectors inserted
for the on-shell gluons.
It means that the correct identity for the amplitude with the external pro-
jectors which is connected with the local gauge invariance is the one above, not
(79). Moreover, if one wants to have zero on the r.h.s. the gauge vector has to
be equal to na. This is because the amplitude on the r.h.s. has the form
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6= 0 if n 6= na.
(83)
The other diagrams are zero, because here both the internal and the external
lines cannot be attached to the ghost line; the only possibility is the diagram
above. It is nonzero, because the eikonal vertex is proportional to na, while
nµadµν (k, n) 6= 0.
Let us finally remark, that the relation (82) justifies our assumption that one
can use different gauges for on-shell and off-shell lines in order to analyze the
diagrams. We have started with the Green function uniformly in axial gauge
and obtained (82) which is the same as (27) obtained in two different gauges.
D Proof of the ‘gauge restoring’ amplitude W
In the following we shall justify the equation (29) for any number of gluons.
The proof consist in two steps. First, let us argue that
A˜ (ε2, . . . , εN ) = A (ε2, . . . , εN )−A (k2, . . . , kN ) α2 . . . αN , (84)
where
αi =
εi ·na
ki ·na . (85)
To this end let us show that A˜ (ε2, . . . , εi−1, ki, εi+1, . . . , εN) = 0. To be specific
set i = 2, i.e. replace ε2 by k2. Graphically, we have (see Appendix B for the
auxiliary Feynman rules)PSfrag replacements
−
×αN ×αN
=
×α3×α3
− (86)
where we have used S-T identities on the r.h.s (the rest of the terms are zero,
see the discussion to Fig. 2). Note next, that since we use the axial gauge with
na as the gauge vector for internal lines, only an external gluon line can couple
to a ghost line or eikonal vertex, both of which couple via nµa . Therefore we
actually get zero on the r.h.s: for the first diagram we get the factors εi ·na for
each leg, while for the second diagram we get ki ·ni αi = εi ·na, thus the result
is indeed zero.
What remains is to prove that
A (k2, . . . , kN ) α2 . . . αn = −W (ε2, . . . , εN) . (87)
It is accomplished, by noting that
A (k2, . . . , kN ) =
(
− g√
2
)N−2 ∣∣~kT ∣∣ k3 ·na . . . kN ·na
(k2 − k3)·na . . . (k2 − . . .− kN−1)·na (88)
as is evident from the following diagrammatic expression
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PSfrag replacements k1
k2
kn
k3
== (89)
where we have used the S-T identity with respect to the leg with momentum
k2. Thus, A (k2, . . . , kN ) multiplied by α2 . . . αN indeed recovers (29).
E Singular behaviour of the amplitude A˜
Let us show, that the gauge invariant off-shell amplitude A˜ = A +W posses
the correct singular behaviour in the collinear and soft limits. For the purpose
of this part let us supply the amplitudes with an additional subscript denoting
the number of legs, thus we write A˜ ≡ A˜N , A ≡ AN , W ≡ WN , if there are N
external legs.
First, let us investigate the collinear limit. Let us start with analyzing
the corresponding limit of the gauge non-invariant amplitude A. To this end
consider the setup as in the figure below
PSfrag replacements
ki
kj (90)
where the momenta ki, kj are parametrized as
kµi = zp
µ +
|~pT |2
2zp · na n
µ
a + p
µ
T , (91)
kµj = (1− z) pµ +
|~pT |2
2 (1− z) p · na n
µ
a − pµT , (92)
with p2 = 0 and p2T = − |~pT |2. With this decomposition of the momenta the
scalar part of the gluon propagator reads
1
(ki + kj)
2 =
1
〈ij〉 [ji] =
z (1− z)
|~pT |2
. (93)
The collinear limit is approached when
|~pT | → 0. (94)
Then ki = zp, kj = (1− z) p and ki + kj = p. Let us also note the following
usefull identities
ε
(λi)
i · p = −
1
z
(
|~pT |2
2zp+
ε
(λi)
i · na + ε(λi)i · pT
)
, (95)
22
ε
(λj)
j · p = −
1
1− z
(
|~pT |2
2 (1− z) p+ ε
(λj)
j · na − ε(λj)j · pT
)
, (96)
which follow directly from the decompositions (91), (92) and ortogonality rela-
tion (11).
In the collinear limit the amplitude behaves as
AN
(
ε2, . . . , ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
ki‖kj
AN−1
(
ε2, . . . , J
(λi,λj)
p , . . . , εN
)
, (97)
where the ‘collinear current’ Jp depends on the helicities λi, λj of the gluons
i, j and is defined as
J(λi,λj)µp = lim|~pT |→0
J(λi,λj)µ (ki, kj) , (98)
where
J(λi,λj)µ (ki, kj) =
−idµν (ki + kj)
〈ij〉 [ji] V3 ναiαj (−ki − kj , ki, kj) ε
(λi)αi
i
ε(λj)αj
j
.
(99)
In the equation above we have denoted the three-point gluon vertex as
V α1α2α33 (q1, q2, q3) (see Appendix B), while the projection tensor is defined in
Eq. (6).
We obtain
I(λi,λj)µ (ki, kj) =
√
2g
〈ij〉 [ji]{
1
1− z
[
ε
(λi)µ
i − pµ
ε
(λi)
i · na
p · na
]
ε
(λj)
j · pT
+
1
z
[
ε
(λj)µ
j − pµ
ε
(λj)
j · na
p · na
]
ε
(λi)
i · pT
− pµT ε(λi)i · ε(λj)j +O
(
|~pT |2
)}
, (100)
where we have used Eqs. (95), (96) in order to keep track of the leading terms.
In the considered limit
ε
(λl)
l ≡ ε(λl)kl = ε(λl)p +O (|~pT |) , l = i, j. (101)
Now, one has to fix the helicities of the gluons. For the case λi = +, λj = +
we get the leading term
J(+,+)µ (ki, kj) =
√
2g
(
ε+µp − pµε+p · na
) ε+p · pT
z (1− z) 〈ij〉 [ji] +O
(
|~pT |0
)
. (102)
In order to estimate the product ε+p · pT let us calculate first ε+p · p for some
reference momentum q and use (95). We get
zε+ki (q) · p =
z 〈q−| p/ |ki−〉√
2 〈qki〉
=
z√
2
〈qp〉 [pki]
〈qki〉
=
z√
2
q⊥
√
p·na
q·na p
∗
⊥z
− 1
2
q⊥
√
zp·na
q·na − p⊥
√
q·na
zp·na
=
p∗⊥√
2
+O
(
|~pT |2
)
(103)
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and thus
ε+p · pT =
p∗⊥√
2
. (104)
However
[ij] = − p
∗
⊥√
z (1− z) , 〈ij〉 =
p⊥√
z (1− z) (105)
so Eq. (102) can be written as
J(+,+)µ (ki, kj) = g
(
ε+µp − pµ
ε+p · na
p · na
)
1√
z (1− z) 〈ij〉 +O
(
|~pT |0
)
. (106)
Similarily
J(−,−)µ (ki, kj) = g
(
ε−µp − pµ
ε−p · na
p · na
)
1√
z (1− z) [ji] +O
(
|~pT |0
)
. (107)
Now, consider the following helicity combination λi = +, λj = −. We gain an
additional contribution which was not present in the previous cases, namely the
one due to the last term in (100). In order to include this, let us decompose pµT
as follows
pµT = ε
+
p · pT
(
ε−µp − pµ
ε−p · na
p · na
)
+ ε−p · pT
(
ε+µp − pµ
ε+p · na
p · na
)
. (108)
Let us note that (pµT )
∗
= pµT and p
2
T = −2ε+p · pT ε−p · pT what gives − |~pT |2 due
to (104) and the fact that pˆT pˆ
∗
T = |~pT |2. Thus it is the correct representation.
Therefore
J(+,−)µ (ki, kj) =
√
2g
〈ij〉 [ji]
{
z
1− z
(
ε+µi − pµ
ε+i · na
p · na
)
ε−j · pT
+
1− z
z
(
ε−µj − pµ
ε−j · na
p · na
)
ε+i · pT +O
(
|~pT |2
)}
= g
(
ε+µp − pµ
ε+p · na
p · na
)
z2√
z (1− z) [ji]
+ g
(
ε−µp − pµ
ε−p · na
p · na
)
(1− z)2√
z (1− z) 〈ij〉 +O
(
|~pT |0
)
. (109)
For λi = −, λj = + one has to replace ε+p ←→ ε−p and 〈ij〉 ←→ [ji]. Let us
note, that the coefficients of vectors in Eqs. (106), (107), (109) are precisely the
g → gg splitting amplitudes of Refs. [29, 44]. Let us denote them P (λp,λi,λj)gg ,
where λp is the helicity of the gluon with momentum p. Since the ‘collinear
current’ has a component proportional to pµ the actual factorization does not
occur for the amplitude AN (ε2, . . . , εN), i.e. we have
AN
(
ε2, . . . ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
ki‖kj
[
AN−1
(
ε2, . . . , ε
(λp)
p , . . . , εN
)
−AN−1 (ε2, . . . , p, . . . , εN) ε
(λp)
p · na
p · na
]
P (λp,λi,λj)gg (110)
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with
AN−1 (ε2, . . . , p, . . . , εN) 6= 0 (111)
due to the off-shell leg. However, as shown in the present paper the amount of
violation of gauge invariance is given by the eikonal emissionsWN−1, according
to Eq. (18)
AN−1 (ε2, . . . , p, . . . , εN ) = −WN−1 (ε2, . . . , p, . . . , εN ) . (112)
Noticing that
WN−1 (ε2, . . . , p, . . . , εN ) εp · na
p · na =WN−1 (ε2, . . . , εp, . . . , εN ) (113)
we get
AN
(
ε2, . . . ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
ki‖kj
A˜N−1
(
ε2, . . . , ε
(λp)
p , . . . , εN
)
P (λp,λi,λj)gg .
(114)
However
A˜N = AN +O
(
|~pT |0
)
, (115)
since WN is non-singular. Therefore
A˜N
(
ε2, . . . ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
ki‖kj
A˜N−1
(
ε2, . . . , ε
(λp)
p , . . . , εN
)
P (λp,λi,λj)gg ,
(116)
i.e. the amplitude A˜N posseses the correct collinear behaviour.
Let us now turn to the soft limit. It is approached when the momentum of
a gluon vanishes, i.e.
kµi = λr
µ, λ→ 0 (117)
for any fixed light-like four-vector rµ. In this limit the gauge non-invariant
amplitude behaves as
AN
(
ε2, . . . , ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
λ→0
AN−1 (ε2, . . . , I, . . . , εN ) , (118)
with the ‘soft current’ Iµ defined as
I(λi,λj)µ = − 1
λ
g√
2
(
ε
(λj)µ
j − kµj
ε
(λj)
j · na
kj · na
)
ε
(λi)
i · jeik +O
(
λ0
)
, (119)
where the eikonal current is
j
µ
eik =
kµj
r · kj . (120)
We see, that the situation is similar to the collinear limit discussed above: there
is no actual factorization for the amplitude AN since Ward identity is not sat-
isfied due to the off-shell leg. Consequently, the piece proportional to kµj in
(119) gives a non-zero contribution. Doing, however, the same steps as for the
collinear limit (notably using Eq. (113)) we obtain
A˜N
(
ε2, . . . , ε
(λi)
i , ε
(λj)
j , . . . , εN
)
−→
λ→0
A˜N−1
(
ε2, . . . , ε
(λj)
j , . . . , εN
)(
− 1
λ
g√
2
ε
(λi)
i · jeik
)
. (121)
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